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Abstract
Port-based teleportation (PBT) is a protocol in which Alice teleports an unknown quantum
state to Bob using measurements on a shared entangled multipartite state called the port state
and forward classical communication. In this paper, we give an explicit proof that the so-called
pretty good measurement, or square-root measurement, is optimal for the PBT protocol with
independent copies of maximally entangled states as the port state. We then show that the
very same measurement remains optimal even when the port state is optimized to yield the best
possible PBT protocol. Hence, there is one particular pretty good measurement achieving the
optimal performance in both cases. The following well-known facts are key ingredients in the
proofs of these results: (i) the natural symmetries of PBT, leading to a description in terms of
representation-theoretic data; (ii) the operational equivalence of PBT with certain state discrim-
ination problems, which allows us to employ duality of the associated semidefinite programs.
Along the way, we rederive the representation-theoretic formulas for the performance of PBT
protocols proved in [Studzin´ski et al., 2017] and [Mozrzymas et al., 2018] using only standard
techniques from the representation theory of the unitary and symmetric groups. Providing a
simplified derivation of these beautiful formulas is one of the main goals of this paper.
1 Introduction
Quantum teleportation [Ben+93] is arguably one of the most fundamental quantum information-
processing tasks. Its basic setup consists of two spatially separated parties Alice and Bob with access
to the following two resources: a classical communication link, and a shared entangled quantum
state. The goal of teleportation is to use these two resources to teleport an unknown quantum state
from Alice to Bob. In the original protocol by Bennett et al. [Ben+93], Alice measures the unknown
quantum state together with her half of the shared entangled state, and sends the classical outcome
to Bob through the classical communication link. Bob then applies a suitable correction operation
to his half of the shared entangled state, thereby transforming it into the desired target state that is
now in his possession. Provided that both the shared entanglement and the classical communication
link are noiseless, the quantum teleportation protocol of [Ben+93] is perfect: it always works, and
it faithfully teleports the unknown quantum state from Alice to Bob.
In certain (e.g., cryptographic) applications, one may be interested in simplifying the correction
step of the teleportation protocol described above, at the expense of other features or resources. We
focus here on a variant of teleportation called port-based teleportation (PBT), which was introduced
by Ishizaka and Hiroshima [IH08; IH09] as a modification of a linear optics teleportation scheme
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by Knill et al. [KLM01]. In PBT, Alice and Bob share a multipartite entangled state on a collection
of quantum systems called ports that are distributed evenly between them. To teleport an unknown
quantum state, Alice again performs a joint measurement on the quantum systems in her possession,
consisting of the quantum state to be teleported and her half of the ports. Alice’s measurement results
in the teleportation of the target state into one of Bob’s ports, which is identified by the measurement
outcome. Once Alice communicates the location of the correct port to Bob, he simply discards the
other systems. A general PBT protocol is completely determined by the multipartite entangled state
on the ports as well as Alice’s measurement.
The crucial property of a PBT protocol as described above is that it works equally well if Bob
applies the same unitary operation to each of his port systems before the protocol starts. As a result,
PBT allows for the teleportation of an unknown quantum state processed by a unitary operation,
a property called unitary covariance. Unfortunately, in the case of finite resources such unitarily
covariant protocols cannot be perfect [NC97], and hence PBT can only achieve approximate tele-
portation. Nevertheless, there are PBT protocols that become faithful in the limit of a large number
of port systems [IH08; IH09; BK11; Moz+18; Chr+18], and their unitary covariance property en-
ables interesting applications of PBT such as universal programmable quantum processors [IH08],
instantaneous non-local quantum computation [BK11], linking quantum communication complexity
and non-locality [Buh+16], or quantum channel discrimination [Pir+19].
Port-based teleportation enjoys an equivalent description in terms of a certain state discrimi-
nation problem ([IH08; IH09; BK11]; see Section 3 for details). This useful equivalence enables
the study of PBT using semidefinite programming [Wat18, Sec. 1.2.3], and it furthermore suggests
the use of a special measurement called the pretty good measurement or square-root measurement
([Bel75; Hol79; HW94]; see Section 4.1 for the definition). In a generic state discrimination prob-
lem, this measurement always achieves a success probability no worse than the square of the optimal
success probability [BK02]. In this paper, we will employ the connection to state discrimination and
semidefinite programming to show that the pretty good measurement is in fact optimal for certain
PBT protocols of interest.
1.1 Main results, purpose, and structure of this paper
The main result of this paper is an explicit proof of optimality of the pretty good measurement for the
port-based teleportation (PBT) protocol using N maximally entangled states. In addition, we show
that, somewhat surprisingly, the same pretty good measurement used in the previous result also
achieves the optimal entanglement fidelity for a PBT protocol with an optimized port state. Both
results are derived by exploiting the natural symmetries of PBT and using its operational equiva-
lence to state discrimination. The former leads to the known representation-theoretic formulas for
the performance of PBT protocols in the two settings based on N maximally entangled states and
an optimized port state, derived by Studzin´ski et al. [Stu+17] and Mozrzymas et al. [Moz+18],
respectively. The equivalence of PBT to state discrimination along with the latter’s semidefinite pro-
gramming formulation then allows us to prove that in both cases above the pretty good measurement
is in fact the optimal measurement.
Optimality of the pretty good measurement for N maximally entangled states is implied by the
results in [Moz+18]. These results can furthermore be used to show that the optimal measure-
ment in the case of an optimized port state has the form of a pretty good measurement [Stu20].
The present paper provides explicit proofs of both results. Along the way, based on the insights
of our prior work [Chr+18] we also present an (almost) self-contained derivation of the beautiful
formulas of [Stu+17; Moz+18] mentioned above. One of this paper’s main goals is a streamlined
presentation of these results that is intended to be accessible to a wide audience. Our approach is
similar in spirit to the original proof method based on so-called partially transposed permutation
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operators [MSH18] employed in [Stu+17; Moz+18]; however, here we only use well-known results
about the representation theory of the symmetric and unitary groups such as Schur-Weyl duality
(see Section 2.2), as well as the results from [Chr+18].
This paper is structured as follows. In Section 2 we introduce some notation and basic defini-
tions, and we review the necessary facts about Schur-Weyl duality. Section 3 introduces PBT and
explains the operational equivalence to a certain state discrimination problem. We then prove our
main results: optimality of the pretty good measurement for the PBT protocol using N maximally
entangled states in Section 4, and optimality of the same measurement for the protocol using an
optimized port state in Section 5. We conclude in Section 6 with a discussion of our results and open
questions.
2 Preliminaries
2.1 Notation & definitions
Quantum systems are associated with finite-dimensional Hilbert spacesHA1 labeled by capital letters
A1, etc. A multipartite system AB is associated with the tensor product HA⊗HB. Given N quantum
systems AN ≡ A1 . . . AN , we use the shortcut Aci ≡ A1 . . . Ai−1Ai+1 . . . AN .
A quantum state ρA on a quantum system A is a linear positive semidefinite operator onHA with
unit trace, trρA = 1. A pure state ψA on a quantum system A is a state of rank 1, which can be
identified with a normalized vector |ψ〉A ∈ HA such that ψA = |ψA〉〈ψA|. Given a d-dimensional
quantum system A, we use the symbol piA =
1
d1A for the completely mixed state, where 1A denotes
the identity operator on HA. For a given orthonormal basis {|i〉A}di=1 of a d-dimensional quantum
system A and an isomorphic system A′ ∼= A, the maximally entangled state |Φ+〉AA′ is defined as
|Φ+〉AA′ = 1p
d
d∑
i=1
|i〉A⊗ |i〉A′ , (2.1)
and satisfies trA′ Φ
+
AA′ = piA (and similarly for trAΦ
+
AA′).
A quantum measurement of a quantum system A is described by a positive operator-valued mea-
sure (POVM) E = {E iA}Ni=1, which consists of positive semidefinite operators E iA satisfying
∑N
i=1 E
i
A =
1A. When measuring the quantum system A in the state ρA with the POVM E, the outcome i is
obtained with probability tr(ρAE iA).
We denote by [X , Y ] = X Y − Y X the commutator of two operators X and Y . We will often omit
identity operators in expressions involving multiple quantum systems, e.g., XABYA ≡ XAB(YA⊗ 1B),
whenever this does not cause confusion. A partition of N ∈ N into d parts is a vector µ= (µ1, . . . ,µd)
with µ1 ≥ · · · ≥ µd ≥ 0 and ∑di=1µi = N , and denoted by µ `d N . Alternatively, µ `d N can be
interpreted as a Young diagram whose i-th row has µi boxes. For a given Young diagram α `d N−1,
we denote by α+ a Young diagram obtained by adding a single box to α such that the result is still
a Young diagram, i.e., a box may be added to the i-th row of α if αi < αi−1. We denote by SN the
symmetric group of degree N , and by Ud the group of unitary operators acting on a d-dimensional
Hilbert space.
In our optimality proofs we will make use of the following fact:
Lemma 1 ([LS98; IH08]). Let X be a linear operator on a Hilbert space H. If {|ξk〉}Kk=1 is a collection
of mutually orthogonal vectors such that |ξk〉 ∈ im(X ) and 〈ξk|X−1|ξk〉= c for all k = 1, . . . , K, then
X ≥ 1
c
K∑
k=1
|ξk〉〈ξk|. (2.2)
3
2.2 Representation theory of the symmetric and unitary groups
We consider the representations of SN and Ud on (Cd)⊗N by permuting tensor factors and acting
diagonally, respectively. More precisely, the representations are defined by the linear extension of
the following actions on product states |ψi〉 ∈ Cd :
SN 3 pi:
⊗N
i=1
|ψi〉 7−→
⊗N
i=1
|ψpi−1(i)〉 (2.3)
Ud 3 U :
⊗N
i=1
|ψi〉 7−→
⊗N
i=1
U |ψi〉. (2.4)
It is easy to check that these two actions commute, i.e., piU⊗N |φ〉 = U⊗Npi|φ〉 for all pi ∈ SN ,
U ∈ Ud , and |φ〉 ∈ (Cd)⊗N . Furthermore, Schur-Weyl duality states that these representations span
each other’s commutant ([Sim96; Ful97]; see also the PhD theses of Harrow [Har05] and Christandl
[Chr06]). This fact gives rise to a useful decomposition of (Cd)⊗N when considering the actions of
the representations of SN in (2.3) and Ud in (2.4) together:
(Cd)⊗N =
⊕
µ`d N
V dµ ⊗Wµ. (2.5)
Here, for a given Young diagram µ `d N each direct summand is the tensor product of the Weyl
module V dµ carrying an irreducible representation of the unitary group Ud labeled by µ, and the
Specht module Wµ carrying an irreducible representation of the symmetric group SN , again labeled
by µ. Note that (2.5) only includes all irreducible representations of SN if N ≤ d. We denote
the dimensions of the Weyl and Specht modules by md,µ = dim V dµ and dµ = dim Wµ, respectively.
Throughout the paper, Pµ denotes the projection onto the direct summand V
d
µ ⊗Wµ in (2.5). The
following result will be useful for us:
Lemma 2 (Partial trace of Young projectors, [Aud06; Chr+07]). Let µ `d N be a Young diagram with
N boxes and at most d rows, and let Pµ be the corresponding isotypical projection. Then,
tr1 Pµ = md,µ
∑
i : µi>µi+1
1
md,µ−"i
Pµ−"i , (2.6)
where tr1 denotes the partial trace over the first factor in (Cd)⊗N , and "i is the vector of length d with
a 1 in the i-th component and zeros elsewhere.
3 Port-based teleportation
In a general PBT protocol [IH08; IH09], Alice and Bob share an entangled state φAN BN defined on
Alice’s port systems AN and Bob’s ports BN , where Ai and Bi for i = 1, . . . , N are d-dimensional
quantum systems. Alice holds an additional d-dimensional quantum system A0 that she wishes to
teleport to Bob. To achieve this task, she chooses a POVM E = {E iA0AN }Ni=1 to measure the systems
A0A
N , and communicates the outcome 1≤ i ≤ N to Bob. Upon receiving this message, Bob discards
all but the i-th port, which should now hold an approximate copy B0 of Alice’s initial system A0.
1
Bob’s part of the protocol is equivalent to applying the “correction operation” trBci to his ports. This
operation commutes with any local unitary U⊗N for U ∈ Ud , and thus leads to the unitary covariance
property of PBT mentioned in the introduction [IH08; IH09; Maj18; Chr+18].
1In this paper, we are only concerned with so-called deterministic PBT as described above. There is another variant
of the protocol called probabilistic PBT, in which the protocol teleports the target state perfectly, but may abort with a
certain probability. Both variants were introduced in the original papers [IH08; IH09], and we refer to [Chr+18] for a
more detailed comparison of the two variants.
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A PBT protocol (φAN BN , E) as introduced above can be described via a teleportation channel
Λ: A0→ B0. The output state of the above protocol is given by
Λ(σA0) =
N∑
i=1
trA0AN Bci

E iA0AN
 
σA0 ⊗φAN BN

, (3.1)
where in each summand the final port Bi is relabeled as B0. The quality of a PBT protocol is deter-
mined by how close the teleportation channel Λ is to the identity channel id: A0→ B0. We quantify
this by means of the entanglement fidelity, which measures how well Λ preserves correlations with
an inaccessible reference system R∼= A0 ∼= B0. The entanglement fidelity is defined as
F(Λ) = tr

Φ+B0R
(Λ⊗ idR)(Φ+A0R)

, (3.2)
and we have F(Λ) = 1 if and only if Λ is the identity channel. In general, the entanglement fidelity
represents an average error criterion, whereas the worst-case error is quantified by the so-called di-
amond norm distance on the set of quantum channels. However, the unitary covariance of PBT
[IH08; Maj18; Chr+18] renders the two error criteria equivalent [Pir+19], and hence the entangle-
ment fidelity (3.2) quantifies the worst-case error as well.
Ishizaka and Hiroshima [IH08] (see also [BK11]) showed that the entanglement fidelity in (3.2)
can be written as
F(Λ) =
1
d2
N∑
i=1
tr
 
E iAN Bσ
i
AN B

, (3.3)
where the POVM E = {E iA0AN }Ni=1 from above is now interpreted as a measurement on AN B with
B ≡ B0 ∼= A0. The states σiAN B are obtained from the port state φAN BN as
σiAN B = trBci φAN BN . (3.4)
Equation (3.3) shows that the entanglement fidelity F(Λ) is in fact proportional to the success
probability of distinguishing the states σiAN B for i = 1, . . . , N drawn uniformly at random. The
(general) state discrimination problem of distinguishing N states ρi drawn with (not necessarily
uniform) probability pi for i = 1, . . . , N admits the following semidefinite program formulation:
psucc = max
n∑N
i=1
pi tr(ρi Ei): Ei ≥ 0 for i = 1, . . . , N ,
∑N
i=1
Ei = 1
o
. (3.5)
We refer to [Wat18, Sec. 1.2.3] for an introduction to semidefinite programs. The dual program of
(3.5) can be derived using standard methods, and is given by the following minimization problem:
p∗succ = min {tr K : K ≥ piρi for i = 1, . . . , N} . (3.6)
It has the same value as the primal problem (3.5) by strong duality, psucc = p∗succ, which follows for
example from Slater’s Theorem [Wat18, Sec. 1.2.3].
Using (3.3) and (3.5), it is now clear that the entanglement fidelity of a PBT protocol with
teleportation channel Λ can be expressed as [IH08; BK11]
F(Λ) =
N
d2
psucc, (3.7)
where psucc is defined in terms of the N states σ
i
AN B in (3.4) drawn uniformly at random. Figure 1
shows a schematic description of these states when the port stateφAN BN is comprised of N maximally
entangled states, as discussed in Section 4. Equation (3.7) forges a useful operational equivalence
between PBT and state discrimination. We will make use of this equivalence, in particular the
semidefinite programming formulation and duality, to derive our main results. Throughout the
discussion, the local port dimension d and the number of ports N are fixed but arbitrary.
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Figure 1: Schematic depiction of the state discrimination problem that is
equivalent to PBT as explained in Section 3. Shown here is the state ρ2 from
the family {ρi}Ni=1 defined in (4.2) that appears in a PBT protocol using N
maximally entangled states Φ+AB. The latter are represented by wavy lines.
4 Independent maximally entangled states
We first consider a special case of PBT where the port state is comprised of N independent maximally
entangled states,
φAN BN =
 
Φ+AB
⊗N
. (4.1)
According to Section 3, we can equivalently consider the state discrimination problem of distin-
guishing the N states
ρi = Φ
+
Ai B
⊗piAci (4.2)
on AN B drawn uniformly at random, i.e., with probability 1N each. A graphical representation of
these states is shown in Figure 1.
Since (U ⊗ U¯)|Φ+〉= |Φ+〉 for every unitary U ∈ Ud ,2 the states ρi have the symmetries
U⊗N ⊗ U¯ ,ρi

= 0 for all U ∈ Ud , (4.3)
[ϕ,ρi] = 0 for all ϕ ∈ SN−1, (4.4)
where in the first line U⊗N ⊗ U¯ ≡ U⊗NA ⊗ U¯B, and in the second line we consider the action of SN−1
on Aci by permuting tensor factors. Moreover,
piρipi
† = ρpi(i) for all pi ∈ SN . (4.5)
It follows from eqs. (4.3) to (4.5) that the (unnormalized) average state ρ¯ =
∑N
i=1ρi on A
N B has
the symmetries 
U⊗N ⊗ U¯ , ρ¯= 0 for all U ∈ Ud , (4.6)
[pi, ρ¯] = 0 for all pi ∈ SN . (4.7)
The symmetries in eqs. (4.6) and (4.7) together with Schur’s Lemma imply that ρ¯ is diagonal
with respect to the following decomposition of (Cd)⊗N+1 derived from Schur-Weyl duality (2.5)
using the so-called dual Pieri rule:
(Cd)⊗N+1 =
⊕
µ`d N
⊕
i : µi>µi+1
V dµ−"i ⊗Wµ. (4.8)
2Here, X¯ denotes complex conjugation with respect to the basis used to define |Φ+〉.
6
As in Lemma 2, "i is the vector of length d with a 1 in the i-th component and zeros elsewhere.
3 We
refer to Appendix A of [Chr+18] for details of the derivation of (4.8). In the present paper, we will
make use of this result in the following way:
Lemma 3 ([Stu+17; Chr+18]). The (unnormalized) average state ρ¯ =
∑N
i=1ρi of the ensemble{( 1N ,ρi)}Ni=1 with ρi as in (4.2) can be written as
ρ¯ =
⊕
α`d N−1
⊕
µ=α+
rµ,α1V dα ⊗1Wµ , (4.9)
where the eigenvalues rµ,α are given by
rµ,α =
N
dN
md,µdα
md,αdµ
. (4.10)
4.1 Performance of the pretty good measurement
For a given state ensemble {(pi ,σi)}Ni=1, the pretty good measurement [Bel75; Hol79; HW94] is
defined as the measurement E = {Ei}Ni=1 with operators
Ei = σ¯
−1/2 piσi σ¯−1/2. (4.11)
Here, σ¯ =
∑N
i=1 piσi is the ensemble average state, and X
−1 denotes the pseudoinverse of an oper-
ator, X X−1 = X−1X = Πsupp X , with Πsupp X the projector onto the support supp X = (ker X )⊥ of X .
The measurement operators Ei satisfy Ei ≥ 0 for all i = 1, . . . , N , and ∑Ni=1 Ei = Πsupp σ¯. The pretty
good measurement thus forms a valid POVM once the Hilbert space is restricted to supp σ¯, which
we will always assume.
The success probability of discriminating the states {( 1N ,ρi)}Ni=1 with ρi as in (4.2) using the
pretty good measurement E = {Ei}Ni=1 is thus given by the expression
psucc =
1
N
N∑
i=1
tr
 
ρiρ¯
−1/2ρiρ¯−1/2

, (4.12)
where as before ρ¯ =
∑N
i=1ρi is the unnormalized ensemble average state. It follows from the results
of Studzin´ski et al. [Stu+17] that this success probability can be expressed in terms of representation-
theoretic quantities:
psucc =
1
NdN
∑
α`d N−1
 ∑
µ=α+
q
mµdµ
2
. (4.13)
The goal of this section is to rederive this formula.
To this end, we define the operator
X =
N∑
i=1
ρiρ¯
−1/2ρiρ¯−1/2, (4.14)
such that 1N tr X = psucc for the success probability defined in (4.12). Since x 7→ x−1/2 is a real-
analytic function on (0,∞), the operator ρ¯−1/2 inherits the U⊗N ⊗ U¯ and SN symmetries (eqs. (4.6)
and (4.7)) from ρ¯. Furthermore, for any pi ∈ SN ,
piρiρ¯
−1/2ρiρ¯−1/2pi† = piρipi†piρ¯−1/2pi†piρipi†piρ¯−1/2pi† (4.15)
3 Note that we set µd+1 = −∞ in (4.8), and hence the summand for i = d always appears in the sum. For a Young
diagram µ `d N with µd = 0 the resulting µ− "d is not a Young diagram anymore.
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= ρpi(i)ρ¯
−1/2ρpi(i)ρ¯−1/2, (4.16)
where we used (4.5) and (4.7).
The operator X in (4.14) thus has the same U⊗N ⊗ U¯ and SN symmetries as ρ¯ above,
U⊗N ⊗ U¯ , X= 0 for all U ∈ Ud , (4.17)
[pi, X ] = 0 for all pi ∈ SN . (4.18)
With respect to the decomposition (4.8), the operator X can hence be written as
X =
⊕
µ`d N
⊕
i : µi>µi+1
xµ,i 1V dµ−"i
⊗1Wµ . (4.19)
The coefficients xµ,i in (4.19) can be determined using a similar strategy as in Appendix A of
[Chr+18]. Since d is fixed throughout the discussion, we abbreviate mµ ≡ md,µ for the dimension
of the Weyl modules V dµ in the following. Recall that Pµ denotes the projection onto the summand
V dµ ⊗Wµ in the Schur-Weyl decomposition (2.5). We further denote by Qα the isotypical projections
for the Ud action by U⊗N⊗ U¯ as defined via decomposition (4.8). Note that here α can have negative
entries and is thus not necessarily a valid Young diagram (see Footnote 3).
However, the coefficients xµ,i in (4.19) are only non-zero when µ− "i is indeed a valid Young
diagram, µ−"i = α `d N −1. To see this, we recall the following argument from [Chr+18, App. A]:
Since (U⊗ U¯)|Φ+〉A1B for every U ∈ Ud , the actions of U⊗N ⊗ U¯ and 1A1B⊗U⊗N−1 agree on the range
of Φ+A1B, and hence,
Φ+A1B
Qµ−"i =
¨
Φ+A1B
(1A1B ⊗ P ′α) if α= µ− "i is a Young diagram,
0 otherwise.
(4.20)
Here, P ′α denotes the isotypical projection with respect to the action of Ud on Ac1 by U⊗N−1. The
operator X is proportional to a sum of terms of the form Φ+Ai Bρ¯
−1/2Φ+Ai Bρ¯
−1/2, so we can apply the
above argument to the coefficients xµ,i appearing in (4.19) to infer that xµ,i 6= 0 only when µ−"i = α
is a Young diagram. We denote these coefficients by xµ,α henceforth, and write X as
X =
⊕
α`d N−1
⊕
µ=α+
xµ,α1V dα ⊗1Wµ . (4.21)
In the remainder of this subsection, we first compute the trace of this operator, and then derive a
formula for the coefficients xµ,α.
Let α `d N − 1 and µ= α+. By symmetry and the form of ρ1 in (4.2), we have
tr

X (Pµ ⊗1B)Qα

= N tr

ρ1ρ¯
−1/2ρ1ρ¯−1/2(Pµ ⊗1B)Qα

(4.22)
=
N
d2N−2 tr

Φ+A1B
ρ¯−1/2Φ+A1Bρ¯
−1/2(Pµ ⊗1B)Qα

(4.23)
=
N
d2N−2
∑
α′,α′′`d N−1
∑
µ′=α′+
µ′′=α′′+
r−1/2
µ′,α′ r
−1/2
µ′′,α′′
× trΦ+A1B(Pµ′ ⊗1B)Qα′Φ+A1B(Pµ′′ ⊗1B)Qα′′(Pµ ⊗1B)Qα , (4.24)
where we inserted the decomposition of ρ¯ from Lemma 3 twice in (4.24). Let us take a closer look
at the trace quantity in (4.24) for fixed α `d N − 1 and µ = α + . Using the fact that P∗ ⊗ 1B
commutes with Q∗, we can apply the identity (4.20) to each of Qα, Qα′ and Qα′′ to obtain
tr

Φ+A1B
(Pµ′ ⊗1B)Qα′Φ+A1B(Pµ′′ ⊗1B)Qα′′(Pµ ⊗1B)Qα

(4.25)
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= tr

Φ+A1B
(Pµ′ ⊗1B)Φ+A1B(Pµ′′Pµ ⊗1B)(1A1B ⊗ P ′α′P ′α′′P ′α)

(4.26)
= tr

Φ+A1B
(Pµ′ ⊗1B)Φ+A1B(Pµ ⊗1B)(1A1B ⊗ P ′α)

δµ,µ′′δα,α′δα,α′′ , (4.27)
where we used orthogonality among the projectors P∗ and among the P ′∗ in the last line. Substituting
(4.27) in (4.24) leads to
tr

X (Pµ ⊗1B)Qα

=
N
d2N−2 r
−1/2
µ,α
∑
µ′=α+
r−1/2
µ′,α tr

Φ+A1B
(Pµ′ ⊗1B)Φ+A1B(Pµ ⊗1B)(1A1B ⊗ P ′α)

(4.28)
=
N
d2N
r−1/2µ,α
∑
µ′=α+
r−1/2
µ′,α tr

trA1(Pµ′) trA1(Pµ)P
′
α

, (4.29)
where step (4.29) follows from the elementary identity tr

Φ+RSXSTΦ
+
RSYST

= 1d2 tr (XT YT ).
For the partial traces of the Young projectors P∗, Lemma 2 gives
trA1(Pµ)P
′
α =
mµ
mα
P ′α, (4.30)
and similarly, trA1(Pµ′)P
′
α = mµ′m
−1
α P
′
α. Substituting these two relations together with formula
(4.10) for the coefficients rµ,α in (4.29) yields
tr

X (Pµ ⊗1B)Qα

=
N
d2N
dN
N
mα
dα
Æ
dµp
mµ
∑
µ′=α+
Æ
dµ′p
mµ′
mµmµ′
m2α
tr P ′α (4.31)
=
1
dN
q
dµmµ
∑
µ′=α+
q
dµ′mµ′ . (4.32)
Summing over α `d N − 1 and µ= α+ gives the trace of X ,
tr X =
∑
α`d N−1
∑
µ=α+
tr

X (Pµ ⊗1B)Qα

(4.33)
=
1
dN
∑
α`d N−1
 ∑
µ=α+
q
dµmµ
2
, (4.34)
and thus we have proved (4.13) via psucc =
1
N tr X .
It remains to derive a formula for the coefficients xµ,α appearing in (4.21). By definition, for
α `d N − 1 and µ= α+ we have
tr

X (Pµ ⊗1B)Qα

= xµ,αmαdµ, (4.35)
which is equal to (4.32) by the above calculation. Thus,
xµ,α =
1
dN
p
mµÆ
dµ
1
mα
∑
µ′=α+
q
dµ′mµ′ . (4.36)
4.2 Optimality of the pretty good measurement
To prove optimality of the pretty good measurement for distinguishing the states ρi defined in (4.2),
we use the dual program (3.6) of the state discrimination problem. The proof idea is identical to the
method used by Ishizaka and Hiroshima [IH08] to prove optimality of the pretty good measurement
for qubit port systems. Recall from the previous section that psucc =
1
N tr X for the operator X defined
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in (4.14). If we can show that 1N X is feasible for the dual program (3.6), then optimality follows
from the fact that any feasible solution to (3.6) is an upper bound on the optimal solution (given by
either (3.5) or (3.6) by strong duality). By construction, this upper bound is identical to the value
of the success probability (4.13) calculated in Section 4.1.
Feasibility of the operator 1N X for (3.6) is equivalent to showing that X ≥ ρi for all i = 1, . . . , N .
By symmetry, it is enough to prove this for ρ1, which will be achieved by an application of Lemma 1.
We choose as the collection of mutually orthogonal vectors an eigenbasis of ρ1 = Φ+A1B ⊗piAc1 given
by the vectors
|ξ(α, qα, pα)〉 := |Φ+A1B〉 ⊗ |α, qα, pα〉 (4.37)
for α `d N − 1, 1 ≤ qα ≤ mα, and 1 ≤ pα ≤ dα. Here, {|α, qα, pα〉}α`d N−1,qα,pα is the Schur basis
[Har05; BCH06] adapted to the Schur-Weyl decomposition (Cd)⊗N−1 = ⊕α`d N−1 V dα ⊗Wα. The
indices 1 ≤ qα ≤ mα and 1 ≤ pα ≤ dα correspond to the Weyl module V dα and the Specht module
Wα, respectively.
In order to use Lemma 1, we first compute 〈ξ(α, qα, pα)|X−1|ξ(α, qα, pα)〉, for which we use the
form of X in (4.21). We abbreviate [α, qα, pα]≡ |α, qα, pα〉〈α, qα, pα|, and calculate:
〈ξ(α, qα, pα)|X−1|ξ(α, qα, pα)〉 (4.38)
=
∑
α′`d N−1
∑
µ′=α′+
x−1µ′,α′ tr
 
Pµ′ ⊗1B

Qα′Φ
+
A1B
[α, qα, pα]

(4.39)
=
∑
α′`d N−1
∑
µ′=α′+
x−1µ′,α′ tr
 
Pµ′ ⊗1B

Φ+A1B
 
1A1B ⊗ P ′α′

[α, qα, pα]

(4.40)
=
1
d
∑
µ′=α+
x−1µ′,α tr

Pµ′
 
1A1 ⊗ [α, qα, pα]

(4.41)
=
1
d
∑
µ′=α+
x−1µ′,α tr

trA1(Pµ′)[α, qα, pα]

(4.42)
= dN−1
 ∑
µ=α+
q
mµdµ
−1
mα
∑
µ′=α+
Æ
dµ′p
mµ′
mµ′
mα
(4.43)
= dN−1, (4.44)
where we used (4.20) in step (4.40), the identity P ′α′ |α, qα, pα〉= δα,α′ |α, qα, pα〉 in step (4.41), and
Lemma 2 together with the formula (4.36) for xµ′,α in step (4.43).
On the other hand,
ρ1 =
1
dN−1Φ
+
A1B
⊗1Ac1 =
1
dN−1
∑
α`d N−1
∑
qα,pα
Φ+A1B
⊗ [α, qα, pα], (4.45)
so that X ≥ ρ1 by an application of Lemma 1. Hence, X is feasible in the dual program (3.6),
which concludes the proof of optimality of the pretty good measurement for the PBT protocol with
N maximally entangled states.
5 Fully optimized protocol
We now turn our attention to the fully optimized PBT protocol. In this case, we seek to find a port
state φAN BN and POVM E = {Ei}Ni=1 such that the entanglement fidelity F(Λ) for the corresponding
teleportation channel Λ defined in (3.1) is maximized.
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The port state φAN BN in a PBT protocol can always be assumed to be pure [Maj18; Chr+18].
Fixing the marginal φAN on A
N , we further assume without loss of generality that |φ〉AN BN is the
“canonical” purification of φAN ,
4
|φ〉AN BN = (OAN ⊗1BN )|Φ+〉⊗NAB , (5.1)
where the positive semidefinite operator OAN =
p
dNφAN satisfies tr O
†
AN OAN = tr O
2
AN = d
N . Accord-
ing to Section 3, PBT using the state φAN BN is equivalent to discriminating the states
ηi = trBci φAN BN = OAN

Φ+Ai Bi
⊗piAc1

O†AN , (5.2)
each drawn uniformly at random with probability 1N .
We saw in Section 4 that the states ρi = trBci
 
Φ+AB
⊗N
have U⊗N ⊗ U¯ and SN−1 symmetries, which
facilitated the calculation of the entanglement fidelity of the corresponding PBT protocol. Majenz
[Maj18] showed that these symmetries can always be assumed in an arbitrary PBT protocol (see
also the extended discussion in [Chr+18, Sec. 3.3]). More precisely, we may assume without loss of
generality that φAN (or equivalently, φBN ) is a symmetric Werner state, which implies the following
symmetries for OAN =
p
dNφAN : 
U⊗N , OAN

= 0 for all U ∈ Ud , (5.3)
[pi, OAN ] = 0 for all pi ∈ SN . (5.4)
We conclude that, similar to Section 4, the states ηi on A
N B defined in (5.2) satisfy
U⊗N ⊗ U¯ ,ηi

= 0 for all U ∈ Ud , (5.5)
[ϕ,ηi] = 0 for all ϕ ∈ SN−1, (5.6)
piηipi
† = ηpi(i) for all pi ∈ SN , (5.7)
where in (5.6) the action of SN−1 is defined on Aci .
Mozrzymas et al. [Moz+18] showed that the entanglement fidelity of the fully optimized PBT
protocol is given by the expression
F(Λ) =
1
dN+2
max{cµ}
∑
α`d N−1
 ∑
µ=α+
q
cµdµmd,µ
2
, (5.8)
where the non-negative coefficients {cµ}µ`d N satisfy∑
µ`d N
cµdµmd,µ = d
N . (5.9)
We will rederive (5.8) in this section. Somewhat surprisingly, it will turn out that the same pretty
good measurement as used in Section 4 maximizes the success probability of distinguishing the
states ηi , and hence also achieves the optimal value (5.8) for the entanglement fidelity via (3.7).
4Any two purifications of φAN on A
N BN are related by an isometry acting on BN , so we may assume that Bob applies a
suitable isometry on BN to obtain the state in (5.1) before starting the protocol. The entanglement fidelity of the resulting
protocol will be no worse than the original one.
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5.1 Performance of the pretty good measurement
We consider again the pretty good measurement E = {Ei}Ni=1 with Ei = ρ¯−1/2ρiρ¯−1/2, defined in
terms of the states ρi given in (4.2). These states differ from the ηi in (5.2) above by the conjugation
with the operator OAN . We stress that E is not the pretty good measurement defined in terms of the
states ηi , which would be a sub-optimal choice.
The success probability of distinguishing the state ensemble {( 1N ,ηi)}Ni=1 with the pretty good
measurement E = {Ei}Ni=1 is equal to
psucc =
1
N
N∑
i=1
tr (ηi Ei) =
1
N
N∑
i=1
tr
 
OANρiO
†
AN ρ¯
−1/2ρiρ¯−1/2

, (5.10)
where we inserted ηi = OANρiO
†
AN . In analogy to Section 4, we define an operator
Y =
N∑
i=1
OANρiO
†
AN ρ¯
−1/2ρiρ¯−1/2, (5.11)
satisfying 1N tr Y = psucc. Due to the symmetries of the states ρi (eqs. (4.3) to (4.5)), the state
ρ¯ (eqs. (4.6) and (4.7)), the operator OAN (eqs. (5.3) and (5.4)), and the states ηi (eqs. (5.5)
to (5.7)), we infer that Y has the following symmetries:
U⊗N ⊗ U¯ , Y = 0 for all U ∈ Ud , (5.12)
[pi, Y ] = 0 for all pi ∈ SN , (5.13)
such that we can again write Y in the form5
Y =
⊕
α`d N−1
⊕
µ=α+
yµ,α1V dα ⊗1Wµ . (5.14)
In the following we determine the value of tr Y and a formula for the coefficients yµ,α appearing
in (5.14). We again abbreviate mµ ≡ md,µ for the dimension of the Weyl module V dµ . As before, we
denote by Pµ for µ `d N the projection onto the summand V dµ ⊗Wµ in the Schur-Weyl decomposition
(2.5), by Qα for α `d N − 1 the isotypical projection for the Ud action by U⊗N ⊗ U¯ as defined via
decomposition (4.8), and by P ′α for α `d N −1 the isotypical projection with respect to the action of
Ud on Ac1 by U⊗N−1.
We first use the U⊗N and SN symmetries of OAN (eqs. (5.3) and (5.4)) to write it as
OAN =
⊕
µ`d N
p
cµ1V dµ ⊗1Wµ , (5.15)
where {cµ}µ`d N are non-negative coefficients (recall that OAN =
p
dNφAN is positive semidefinite).
Since tr O2AN = d
N , we have
∑
µ`d N cµdµmµ = d
N , which is precisely the condition (5.9) for the
coefficients cµ in the expression (5.8) for the entanglement fidelity.
We are now ready to compute the trace of Y . By symmetry, and using the expressions for ρ¯ from
Lemma 3 and for OAN in (5.15), we have
tr

Y
 
Pµ ⊗1B

Qα

(5.16)
= N tr

OANρ1O
†
AN ρ¯
−1/2ρ1ρ¯−1/2
 
Pµ ⊗1B

Qα

(5.17)
5In analogy to the discussion about the operator X in Section 4, one can show that the coefficients yµ,i defined with
respect to the decomposition (4.8) vanish whenever µ− "i does not correspond to a Young diagram α `d N − 1.
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=
N
d2N−2
∑
α′,α′′`d N−1
∑
µ′=α′+
µ′′=α′′+
∑
λ′,λ′′`d N
r−1/2
µ′,α′ r
−1/2
µ′′,α′′
p
cλ′ cλ′′
× tr(Pλ′ ⊗1B)Φ+A1B(Pλ′′ ⊗1B)(Pµ′ ⊗1B)Qα′ Φ+A1B(Pµ′′ ⊗1B)Qα′′(Pµ ⊗1B)Qα (5.18)
=
N
d2N−2 r
−1/2
µ,α
p
cµ
∑
µ′=α+
r−1/2
µ′,α
p
cµ′ tr

Φ+A1B
(Pµ′ ⊗1B)Φ+A1B(Pµ ⊗1B)(1A1B ⊗ P ′α)

(5.19)
=
N
d2N
r−1/2µ,α
p
cµ
∑
µ′=α+
r−1/2
µ′,α
p
cµ′ tr

trA1(Pµ′) trA1(Pµ)P
′
α

(5.20)
=
1
dN
Æ
cµmαdµÆ
mµdα
∑
µ′=α+
Æ
cµ′mαdµ′Æ
mµ′dα
mµmµ′
m2α
dαmα (5.21)
=
1
dN
q
cµmµdµ
∑
µ′=α+
q
cµ′mµ′dµ′ . (5.22)
In step (5.19) we used (4.20) for the terms Φ+A1BQ∗ and orthogonality among the projectors P∗ and
P ′∗, respectively, and in step (5.21) we again used Lemma 2 in the same way as in Section 4.
The trace of Y is obtained by summing (5.22) over α `d N − 1 and µ= α+, giving
tr Y =
∑
α`d N−1
∑
µ=α+
tr

Y
 
Pµ ⊗1B

Qα

(5.23)
=
1
dN
∑
α`d N−1
 ∑
µ=α+
q
cµmµdµ
2
. (5.24)
Maximizing (5.24) over all non-negative coefficients {cµ}µ`d N satisfying
∑
µ`d N cµmµdµ = d
N and
using (3.7) together with psucc =
1
N tr Y now proves that the entanglement fidelity of the PBT protocol
(φAN BN , E) is given by formula (5.8) derived in [Moz+18]. Here, φAN BN is defined via (5.1) and
(5.15), and the pretty good measurement E = {Ei}Ni=1 is defined in terms of the states ρi as given
in (4.2).
It remains to determine the coefficients yµ,α appearing in (5.14). By definition, for Young dia-
grams α `d N − 1 and µ= α+,
tr

Y
 
Pµ ⊗1B

Qα

= yµ,αmαdµ. (5.25)
This is equal to (5.22) by the above calculation, leading to the following formula for the yµ,α:
yµ,α =
1
dN
1
mαdµ
q
cµmµdµ
∑
µ′=α+
q
cµ′mµ′dµ′ (5.26)
We stress that in expression (5.24) the port state φAN BN is optimized over via the coefficients{cµ}µ`d N , while the POVM is fixed to be the pretty good measurement E discriminating the states ρi
in (4.2). We show in the next section that this measurement E is in fact optimal for any given port
state φAN BN defined via (5.1), (5.15), and the coefficients {cµ}µ`d N , which also proves optimality of
E for the optimal such φAN BN .
5.2 Optimality of the pretty good measurement
It remains to show that the choice of the pretty good measurement E associated with {( 1N ,ρi)}Ni=1
achieves the optimal success probability of discriminating the state ensemble {( 1N ,ηi)}Ni=1. To prove
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this, we follow a similar strategy as in Section 4: Once we establish that the operator 1N Y with Y as
defined in (5.11) is feasible for the dual program (3.6), optimality follows immediately from weak
duality.
Feasibility of 1N Y is equivalent to Y ≥ ηi for all i = 1, . . . , N , where ηi = OANρiOAN with OAN =⊕
µ`d N
p
cµ1V dµ ⊗ 1Wµ . Let Π = ΩAN ⊗ 1B with ΩAN the projector onto supp OAN =
∑{Pµ : µ `d
N , cµ > 0}. Then clearly suppηi ⊂ suppΠ, and furthermore tr Y = tr(ΠYΠ). To prove our claim of
optimality of the pretty good measurement, it thus suffices to show that
O−1AN Y O
−1
AN ≥ ρ1, (5.27)
whence Y ≥ η1 follows by conjugating with OAN , and the analogous statement for all ηi follows
from symmetry of Y .
We show (5.27) by another application of Lemma 1 with the following eigenbasis of ρ1 as the
set of mutually orthogonal vectors:
|ξ(α, qα, pα)〉 := |Φ+A1B〉 ⊗ |α, qα, pα〉 (5.28)
for α `d N − 1, 1 ≤ qα ≤ mα, and 1 ≤ pα ≤ dα, where |α, qα, pα〉 is the Schur basis on Ac1 (see
Section 4.2). Furthermore, 
O−1AN Y O
−1
AN
−1
= OAN Y
−1OAN =
⊕
α`d N−1
⊕
µ=α+
cµ y
−1
µ,α1V dα
⊗1Wµ . (5.29)
Using similar arguments as in Section 4.2, and again abbreviating [α, qα, pα]≡ |α, qα, pα〉〈α, qα, pα|,
we compute:
〈ξ(α, qα, pα)|OAN Y−1OAN |ξ(α, qα, pα)〉 (5.30)
=
∑
α′`d N−1
∑
µ′=α′+
cµ′ y
−1
µ′,α′ tr

Φ+A1B
(Pµ′ ⊗1B)Qα′[α, qα, pα]

(5.31)
=
1
d
∑
µ′=α+
cµ′ y
−1
µ′,α tr

trA1(Pµ′)[α, qα, pα]

(5.32)
= dN−1
 ∑
µ=α+
q
cµmµdµ
−1 ∑
µ′=α+
cµ′mαdµ′Æ
cµ′mµ′dµ′
mµ′
mα
(5.33)
= dN−1, (5.34)
where we used expression (5.26) for the coefficients yµ,α in step (5.33).
On the other hand, (4.45) shows that ρ1 is diagonal in the basis {|ξ(α, qα, pα)〉}α`d N−1,qα,pα
with eigenvalues d−(N−1), from which O−1AN Y O
−1
AN ≥ ρ1 follows again by an application of Lemma 1.
Hence, 1N Y is feasible in the dual program (3.6), which proves that the pretty good measurement
from Section 4 optimally distinguishes the states ηi defined in (5.2) in terms of an arbitrary set
of non-negative coefficients {cµ}µ`d N satisfying
∑
µ`d N cµmµdµ = d
N . We showed above that the
optimal success probability of this discrimination problem as a function of {cµ}µ`d N is equal to (5.24).
Optimizing over the coefficients {cµ}µ`d N and using (3.7) then leads to the expression (5.8) for the
entanglement fidelity of the fully optimized PBT protocol.
6 Discussion
In this paper we proved that the pretty good measurement is optimal for PBT protocols using maxi-
mally entangled states. Furthermore, we showed that the very same measurement also achieves the
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optimal entanglement fidelity for arbitrary port states once the natural symmetries of PBT have been
imposed without loss of generality. We stress once again that for the second result the pretty good
measurement is not derived from the optimal port state (see Section 3 for how to obtain the state
discrimination problem from a given port state), but instead from N maximally entangled states.
In the course of proving optimality of the pretty good measurement, we also rederived the
representation-theoretic formulas for the entanglement fidelity of PBT protocols using maximally
entangled states [Stu+17] and using an optimized port state [Moz+18]. In order to better distin-
guish the two settings, we adopt the notation of [Chr+18] and write F stdd (N) and F
∗
d (N) for the
entanglement fidelity in each case, respectively.6 This notation makes the dependence of F on the
local dimension d and the number of ports N explicit, and it highlights the assumption of fixed but
arbitrary d and varying N made in this paper as well as in [Chr+18].
In Section 4 we rederived the following result from [Stu+17]:
F stdd (N) =
1
dN+2
∑
α`d N−1
 ∑
µ=α+
q
dµmµ
2
. (6.1)
Ishizaka and Hiroshima [IH08] (see also [BK11]) proved that F stdd (N)≥ 1− d
2−1
N , which shows that
the PBT protocol becomes perfect in the limit N →∞ for fixed d. One of the main goals of [Chr+18]
was to determine the exact first-order coefficient of this convergence. We showed in [Chr+18] that,
for any δ > 0,
F stdd (N) = 1− d
2 − 1
4N
+O(N−3/2+δ). (6.2)
For optimal PBT, we rederived in Section 5 the following expression for the entanglement fidelity
first proved in [Moz+18]:
F∗d (N) =
1
dN+2
max{cµ}
∑
α`d N−1
 ∑
µ=α+
q
cµmµdµ
2
, (6.3)
where the non-negative coefficients {cµ}µ`d N satisfy
∑
µ`d N cµmµdµ = d
N . Equation (6.3) bears a
striking resemblance with (6.1), and the additional optimization over coefficients {cµ}µ`d N corre-
sponds to the optimization over the port state (see Section 5 for details). Ishizaka [Ish15] proved
the upper bound F∗d (N)≤ 1− cd N−2 +O(N−3) with cd = (4(d − 1))−1, which was improved by Ma-
jenz [Maj18] (see also [Chr+18]) to cd = (d2−1)/8 whenever N > d22 . However, prior to our work
[Chr+18] it was not clear whether there are protocols achieving the N−2 scaling asymptotically. In
[Chr+18], we exhibited a protocol with such a scaling in N , albeit with non-matching coefficients
in d. This resulted in the asymptotic expansion
F∗d (N) = 1−Θ(N−2), (6.4)
where f = Θ(g) means that both f = O(g) and g = O( f ). It remains a challenging open problem
to determine the exact coefficient of N−2 as a function of d in (6.4). Moreover, an investigation of
(6.3) in the interesting limit N , d →∞ with N/d2 fixed has yet to be carried out.
In this paper we only discussed the “deterministic” variant of PBT, in which the protocol gives
an output state that approximates the target state. In “probabilistic” PBT the protocol yields an
exact copy of the target state, but only succeeds with a certain success probability [IH08; IH09]. A
6In [Chr+18], the PBT protocol based on N maximally entangled states and the associated pretty good measurement
is called the standard protocol.
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description of this probability in terms of representation-theoretic data was obtained in [Stu+17;
Moz+18], along with converse bounds [Pit13] and asymptotic expansions [Moz+18; Chr+18]. It
should be a stimulating exercise to apply the techniques of [Chr+18] and the present paper to
rederive the results on probabilistic PBT proved in [Stu+17; Moz+18]. Moreover, a “multi-port”
generalization of PBT was recently proposed in [Kop+20; Stu+20], and the methods employed
here could potentially be applied to study this generalized setting as well. Finally, it would be
interesting to derive expressions for the optimal entanglement fidelity in the case of noisy maximally
entangled states, e.g., when each maximally entangled state is shared between Alice and Bob via a
noisy quantum channel.
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